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it from 340 ms back to 330 ms. The pacing protocol here is
to simulate the cable for 12 000 beats to achieve steady state
and then change BCL by� BCL = 0.1 ms every 300 beats.
In Fig. 20(a)we plot the proÞle of the amplitude of calcium
alternansc(x) at BCL = 330 ms, 335 ms, and 340 ms in red
circles, green crosses, and blue triangles, respectively, as we
Þrst increase BCL. Note that the node locations move towards
the pacing site atx = 0 during this process, as predicted by our
reduced model, in a similar fashion to changing� (see Fig.19).
Furthermore, due to the Þxed Þnite size of the cable, and
additional node forms, as it did when� changed. In Fig.20(b)
we plot the proÞle of the amplitude of calcium alternansc(x)
as we now decrease BCL, plotting proÞles at BCL= 340 ms,
335 ms, and 330 ms in blue triangles, green crosses, and red
circles. Importantly, we note that as BCL is restored to 330 ms
the node locations remain pinned in their locations close to the
pacing site. We again highlight the pinning phenomenon by
plotting in Fig.20(c)the second node location,x2, and� versus
the beat number in blue circles and dashed red, respectively.
Just as in the previous simulation where� was modiÞed, we
see that the node Þrst moves towards the pacing site as the
BCL is initially increased but remains pinned as we restore the
BCL to its initial value.

This conÞrms that unidirectional pinning can be achieved in
detailed ionic models by changing only the pacing frequency.
However, these results need to be interpreted carefully. In
particular, it is well known that a change in BCL results in
a change in CV restitution as follows [22,23]: A decrease
(increase) in BCL yields a steeper (shallower) CV via
decreasing (increasing) DI. However, a change in BCL can
also affect change in the degree of calcium instability: A
decrease (increase) in BCL allows the calcium dynamics less
(more) time to equilibrate between beats, yielding a larger
(smaller) degree of instability. Thus, changing the pacing rate
yields competing effects from CV restitution and the degree
of instability. Here we Þnd that the change in CV restitution
is small in comparison to the change in instability, which is
dominant. Thus, node movement is induced by decreasing the
degree of instability (as predicted by the reduced model and
illustrated in Fig.14), i.e., by increasing BCL. In principle,
however, if the change in CV restitution dominates the change
in instability, we expect that node movement towards the
pacing site will be induced by decreasing BCL.

D. Jumping points and asymmetry



SPATIOTEMPORAL DYNAMICS OF CALCIUM-DRIVEN . . . PHYSICAL REVIEW E 89, 052707 (2014)

40 45 50 55 60 65 70 75
6
8

10
12
14
16









http://dx.doi.org/10.1146/annurev-conmatphys-020911-125112
http://dx.doi.org/10.1146/annurev-conmatphys-020911-125112
http://dx.doi.org/10.1146/annurev-conmatphys-020911-125112
http://dx.doi.org/10.1146/annurev-conmatphys-020911-125112
http://dx.doi.org/10.1146/annurev-bioeng-071811-150106
http://dx.doi.org/10.1146/annurev-bioeng-071811-150106
http://dx.doi.org/10.1146/annurev-bioeng-071811-150106
http://dx.doi.org/10.1146/annurev-bioeng-071811-150106
http://dx.doi.org/10.1161/01.RES.0000224540.97431.f0
http://dx.doi.org/10.1161/01.RES.0000224540.97431.f0
http://dx.doi.org/10.1161/01.RES.0000224540.97431.f0
http://dx.doi.org/10.1161/01.RES.0000224540.97431.f0
http://dx.doi.org/10.1016/S0022-0736(84)80057-6
http://dx.doi.org/10.1016/S0022-0736(84)80057-6
http://dx.doi.org/10.1016/S0022-0736(84)80057-6
http://dx.doi.org/10.1016/S0022-0736(84)80057-6
http://dx.doi.org/10.1038/307159a0
http://dx.doi.org/10.1038/307159a0
http://dx.doi.org/10.1038/307159a0
http://dx.doi.org/10.1038/307159a0


SKARDAL, KARMA, AND RESTREPO PHYSICAL REVIEW E89, 052707 (2014)

[6] J. M. Smith, E. A. Clancy, C. R. Valeri, J. N. Ruskin, and R. J.
Cohen,Circulation77, 110(1988).

[7] A. Karma and R. F. Gilmour,Phys. Today60, 51 (2007).
[8] G. L. Aistrup, Y. Shiferaw, S. Kapur, A. H. Kadish, and J. A.

Wasserstrom,Circ. Res.104, 639(2009).
[9] J. N. Weiss, M. Nivala, A. GarÞnkel, and Z. Qu,Circ. Res.108,

98 (2011).
[10] M. A. Watanbe, F. H. Fenton, S. J. Evans, H. M. Hastings, and

A. Karma,J. Cardiovasc. Electr.12, 196(2001).
[11] D. Sato, Y. Shiferaw, A. GarÞnkel, J. N. Weiss, Z. Qu, and

A. Karma,Circ. Res.99, 520(2006).
[12] B. Echebarria and A. Karma,Eur. Phys. J. S. T.146, 217(2007).
[13] H. Hayashi, Y. Shiferaw, D. Sato, M. Nihei, S. F. Lin, P. S. Chen,

A. GarÞnkel, J. N. Weiss, and Z. Qu,Biophys. J.92, 448(2007).
[14] S. Mironov, J. Jalife, and E. G. Tolkacheva,Circulation118, 17

(2008).
[15] O. Ziv, E. Morales, Y. Song, X. Peng, K. E. Odening, A. E.

Buxton, A. Karma, G. Koren, and B. R. Choi,J. Physiol.587,
4661(2009).

[16] J. M. Pastore, S. D. Girouard, K. R. Laurita, F. G. Akar, and
D. S. Rosenbaum,Circulation99, 1385(1999).

[17] J. M. Pastore and D. S. Rosenbaum,Circ. Res.87, 1157(2000).
[18] Z. Qu, A. GarÞnkel, P. S. Chen, and J. N. Weiss,Circulation

102, 1664(2000).
[19] D. S. Rosenbaum,J. Cardiovasc. Electrophysiol.12, 207(2001).
[20] J. J. Fox, M. L. Riccio, F. Hua, E. Bodenschatz, and R. F.

Gilmour,Circ. Res.90, 289(2002).
[21] D. Sato, Y. Shiferaw, Z. Qu, A. GarÞnkel, J. N. Weiss, and

A. Karma,Biophys. J.92, L33 (2007).
[22] B. Echebarria and A. Karma,Phys. Rev. Lett.88,208101(2002).
[23] B. Echebarria and A. Karma,Phys. Rev. E76, 051911(2007).
[24] S. Dai and D. G. Schaeffer,SIAM J. Appl. Math.69, 704(2008).
[25] S. Dai and D. G. Schaeffer, ESAIM,Math. Model. Numer. Anal.

44, 1225(2010).
[26] J. B. Nolasco and R. W. Dahlen,J. Appl. Physiol.25, 191(1968).
[27] M. R. Guevara, G. Ward, A. Shrier, and L. Glass, inComputers in

Cardiology(IEEE Computer Society, Los Alamitos, CA, 1984),
pp. 167.

[28] M. Courtemanche, L. Glass, and J. P. Keener,Phys. Rev. Lett.
70, 2182(1993).

[29] B. Echebarria and A. Karma,Chaos12, 923(2002).
[30] P. N. Jordan and D. J. Christini,J. Cardiovasc. Electr.15, 1177

(2004).
[31] D. J. Christini, M. L. Riccio, C. A. Culianu, J. J. Fox, A. Karma,

and R. F. Gilmour,Phys. Rev. Lett.96, 104101(2006).
[32] T. Krogh-Madsen, A. Karma, M. L. Riccio, P. N. Jordan, D. J.

Christini, and R. F. Gilmour,Phys. Rev. E81, 011915(2010).

[33] E. Chudin, J. Goldhaber, A. GarÞnkel, J. N. Weiss, and B. Kogan,
Biophys. J.77, 2930(1999).

[34] Y. Shiferaw, M. A. Wantanbe, A. GarÞnkel, J. N. Weiss, and
A. Karma,Biophys. J.85, 3666(2003).

[35] E. J. Pruvot, R. P. Katra, D. S. Rosenbaum, and K. R. Laurita,
Circ. Res.94, 1083(2004).

[36] E. Picht, J. DeSantiago, L. A. Blatter, and D. M. Bers,Circ. Res.
99, 740(2006).

[37] H. Bien, L. H. Lin, and E. Entcheva,Biophys. J.90, 2628(2006).
[38] J. G. Restrepo, J. N. Weiss, and A. Karma,Biophys. J.95, 3767

(2008).
[39] R. J. Rovetti, X. Cui, A. GarÞnkel, J. N. Weiss, and Z. Qu,Circ.

Res.106, 1582(2010).
[40] E. Alvarez-Lacalle, I. R. Cantalapiedra, A. Penaranda, L. Hove-

Madsen, and B. Echebarria,Biophys. J.102, 308a(2012).
[41] Z. Qu, Y. Shiferaw, and J. N. Weiss,Phys. Rev. E75, 011927

(2007).
[42] Z. Jia, H. Bien, Y. Shiferaw, and E. Entcheva,Biophys. J.102,

1294(2012).
[43] D. Sato, D. M. Bers, and Y. Shiferaw,PLoS ONE8, e85365

(2013).
[44] D. M. Bers, Excitation-Contraction Coupling and Cardiac

Contractile Force(Kluwer, Amsterdam, 2001).
[45] J. G. Restrepo and A. Karma,Chaos19, 037115(2009).
[46] X. Wan, M. Cutler, Z. Song, A. Karma, T. Matsuda,

A. Baba, and D. S. Rosenbaum,Heart Rhythm 9, 1698
(2012).

[47] Y. Shiferaw, D. Sato, and A. Karma,Phys. Rev. E71, 021903
(2005).

[48] X. Zhao,Phys. Rev. E78, 011902(2008).
[49] Y. Shiferaw and A. Karma,Proc. Natl. Acad. Sci. USA103,

5670(2006).
[50] S. A. Gaeta, G. Bub, G. W. Abbott, and D. J. Christini,Circ.

Res.105, 335(2009).
[51] P. S. Skardal, A. Karma, and J. G. Restrepo,Phys. Rev. Lett.

108, 108103(2012).
[52] P. A. Boyden, J. L. Pu, J. Pinto, and H. Keurs,Circ. Res.86, 448

(2000).
[53] J. J. Fox, J. L. McHarg, and R. F. Gilmour, Jr., Am. J. Physiol.

Heart Circ. Physiol.282, H516 (2002).
[54] B. Sandstede, inHandbook of Dynamical Systems II(Elsevier,

Amsterdam, 2002), Chap. 18, p. 983.
[55] T. Krogh-Madsen and D. J. Christini,Biophys. J.92, 1138

(2007).
[56] T. Y. Kim, S.-J. Woo, S.-m. Hwang, J. H. Hong, and K. J. Lee,

Proc. Natl. Acad. Sci. USA104, 11639(2007).
[57] J. G. Restrepo and A. Karma,Phys. Rev. E79,030906(R) (2009).

052707-24




