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Leung and Loupos

1 Introduction

Treatment assignment is said to be unconfounded if it is as good as random within
subpopulations of observationally equivalent units. In settings where the stable unit
treatment value assumption (SUTVA) is plausible, units with identical covariates are
naturally considered observationally equivalent. However, when units are connected
through a network, they may differ on other observed dimensions that may confound
causal inference if SUTVA is violated and interference is mediated by the network.
These dimensions include, for example, the number of type-X neighbors, the number
of type-X neighbors with m neighbors of type y, and so on through higher-order
neighbors.

Existing formulations of unconfoundedness only utilize a small subset of these
dimensions. For example, a common set of controls used in the literature is the
vector consisting of own covariates, number of neighbors, and average covariates of
neighbors. This choice may be difficult to justify in practice due to a lack of behavioral
models of selection. Neighbor covariates may influence selection into treatment in
more complex ways not adequately captured by the mean. Furthermore, this choice
of controls implies no confounding from higher-order neighbors, which we show rules
out economically interesting sources of interference in treatment selection, such as
endogenous peer effects.

In this paper, we study estimation and inference for treatment and spillover effects
under a fully nonparametric formulation of unconfoundedness motivated by a model
of selection. To allow for peer effects, selection is governed by the reduced form of a
simultaneous-equations model, which is a function of the entirety of X, the matrix
of all units’ covariates, and A, the network adjacency matrix. As a result, it is not
generally possible to summarize confounding by a simple low-dimensional function of
these objects. Our unconfoundedness condition therefore considers units observation-
ally equivalent if they occupy identical positions in the network, meaning that they
match on all observed neighborhood and higher-order neighborhood dimensions.

Existing methods that rule out complex forms of interference in selection may
result in biased estimates of treatment and spillover effects. For example, consider
the causal effect of vaccine adoption on illness. With peer effects in vaccine adoption,
vaccinated individuals tend to have more vaccinated direct and indirect social con-

tacts, and a simple comparison of adopters and nonadopters may overstate vaccine
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utilize the model of approximate neighborhood interference (ANI) proposed by Leung
(2022a), which posits that interference in the outcome stage decays with network path
distance. Leung shows that ANI allows for endogenous peer effects but focuses on
a setting with randomized assignment. In observational settings, it stands to reason

that peer effects in selection may be a possibility. We theref
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We provide conditions under which the doubly robust estimator is approximately
normally distributed as the network size grows large. This type of result is well known
for i.i.d. data (e.g. Farrell, 2018), but it is nontrivial to extend to our setting since
we allow for a complex form of network dependence. For example, asymptotically
linearizing the doubly robust estimator requires a new argument due to dependence,
and application of an appropriate CLT requires verification of a high-level weak de-
pendence condition under a nonparametric model with outcome and selection stages
both governed by simultaneous-equations models. For inference, we utilize a network
HAC estimator due to Kojevnikov et al. (2021) and propose a new bandwidth that
adjusts for estimation error in the first-stage machine learners.

We substantiate the theory in a simulation study and empirical application to
microfinance diffusion. The simulations demonstrate that the use of GNNs can sub-
stantially reduce bias relative to conventional choices of network controls even with
shallow architectures. The empirical illustration revisits the microfinance diffusion
application of He and Song (2024). We show how our estimands can capture comple-
mentary aspects of diffusion relative to their “average diffusion at the margin” mea-
sure. Our theoretical framework allows for more complex diffusion processes without
requiring the econometrician to prespecify the maximum number of within-period
rounds of diffusion. Finally, by including richer controls that account for network

confounding, we find more attenuated diffusion effects.

1.2 Related Literature

There is a large literature on interference, much of which focuses on randomized
control trials (e.g. Athey et al., 2018; Li and Wager, 2022; Toulis and Kao, 2013).
We contribute to a growing recent literature on unconfoundedness, much of which
operates in a partial interference setting where units are partitioned into disjoint
groups with no interference across groups (e.g. Liu et al., 2019; Qu et al., 2022).
Studying a network interference setting, Veitch et al. (2019) propose to use “node
embeddings” as network controls, which are learned functions of the graph. Since
node embeddings can be obtained from a variety of methods, there remains the issue
of justifying a particular choice of network controls. GNNs can be interpreted as a
method of estimating node embeddings (see §3), and our behavioral model provides

justification for their use. We defer to §2.1 a more detailed review of the literature
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I’s n ;@hba s and the elements of the same set of K. 1 as i’s b; g r¢a"¢ reneighbors.
A unit i’s ¢ ¢ _ees n(i, 1), the number of neighbors.

2 Setup

Let N, '“il’ ...,1} be the set of units connected through the network A. Each unit
i ¢ M} is endowed with unobservables (g, Vi) ¢ R% " RY% and observables Xi ¢ R,

The model primitives determine outcomes and treatments according to
Yi —_gn(i,D,X,A,e) and D;__hq(i, X, A,v), (1)

respectively, where X __(Xj)i, is the matrix with ith row equal to X{; Y, D, €,
and v are similarly defined; andg (gn, hn} ney is a sequence of function pairs such
that each gn( ) has range R and hp( ) has rangeg 0, } . The econometrician observes
(Y, D, X, A). Our analysis treats (A, X, €, ) as random, but the asymptotic theory
in §4 conditions on (X, A) to avoid imposing additional assumptions on its depen-
dence structure.?

We view the timing of the model as follows. First, nature draws the primitives
(A, X,e,v). Next, units select into treatment, potentially based on other units’
decisions, and hp() is the reduced-form outcome of that process. Finally, gn( ) is the
reduced form of the subsequent process that generates outcomes. Because gn() and
hn() may depend on the primitives of all units, the setup allows Y;j and D; to be
outcomes of simultaneous-equations models with endogenous peer effects, as shown

in the next examples.

Example 1 (Linear-in-Means). Consider the outcome model

~=— ~=

"noAGY L T AGZ
j=1 i j=1 i

where Z; __(Dj, X{)’ (Manski, 1993). The coefficient B captures endogenous peer
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denote the row-normalized adjacency matrix and 1 the n-dimensional vector of ones,

if A is connected, the reduced form of the model can be written in matrix form as

, , ¥V oo Y
y -2 17 z5Typ” grAKIZ T T Ak,
1B ke ke

This characterizes Y;j as a function gn(i, D, X, A, €).

Example 2 (Binary Game). Consider the binary analog of Example 1 but for selec-

tion into treatment:

# ry A;iD r AiiZ! "
Di__1 o BFr—— " FAy Tz v 0. (2)
j=1Aj j=1Aj

Unlike Example 1, there may exist multiple equilibria. The equilibrium selection
mechanism is a reduced-form mapping from the primitives (X, A,v) to outcomes
D and therefore characterizes Dj as a function hn(i, X, A,v). This formulation
corresponds to a game of complete information. In a game of incomplete information,
as modeled by Xu (2018) for instance, a unit i’s information set is (vi, X, A). Here
an analog of (2) holds with each Dj replaced with 0j(X, A), the equilibrium belief
that Dj __1. This characterizes Dj as a function hn(i, X, A, vj).

Example 3 (Diffusion). He and Song (2024) study the following two-period diffusion
model. Let Dj denote i’s decision to adopt microfinance in period 0 and Y;j its decision
in period 1. Their equations (2.4) and (3.6) posit that

Yi —0n(Dyrik), &) and D ——_]I\W(V-) Vi,

where Wi is a known function of (X, A) and K is the maximum distance that adoption
decisions can diffuse through the network between periods 0 and 1. We provide a more

detailed comparison of our models in §7.
Given specification (1), we define potential outcomes as
Yi(d) —_gn(i,d, X, A, e).

Confounding may arise first because Yj(d) is potentially correlated with D; due to
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the high-dimensional observables (X, A) and second because of dependence between
unobservables that drive outcomes € and those that drive selection v. We restrict the

second source of confounding.
Assumption 1 (Unconfoundedness). e 43 ne N, e Yu KX, A.

As discussed below, unconfoundedness conditions used in the existing literature addi-
tionally limit the first source of confounding to known summary statistics of (X, A).
Ours is analogous to standard formulations of unconfoundedness under SUTVA (g; L

Lvi P(,) since we do not impose further restrictions on the nature of observed
confounding.

Because the econometrician only observes a single network, a large-sample theory
requires restrictions on interference in order to obtain some form of weak dependence.
We next specify a nonparametric model of decaying interference that accommodates
the previous examples. For any S!‘ Ni, let Ds __(Di)ies, and similarly define Xs

and other such submatrices. Let Asg
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3 The error from approximating the ob-

counterfactual s-neighborhood outcomes.
served outcome with the s-neighborhood counterfactual is bounded by yn(S), which
decays with the neighborhood radius s. This formalizes the idea that Y;j is primarily
determined by units relatively proximate to i, so that the further a unit is from i, the
less it influences 1’s outcome. The second equation imposes the analogous requirement

on D;.

Example 4. For the linear-in-means model in Example 1, an argument similar to
Proposition 1 of Leung (2022a) shows that (3) holds with sup, Yn(S) XC IB|® for some
C.. 0. For the binary game in Example 2, an argument similar to Proposition 2 of
Leung (2022a) establishes (4) with sup, Nn(S) decaying at an exponential rate with s.
Finally, for the He and Song (2024) diffusion model in Example 3, Y;j only depends on
D through Dy k), so (3) holds with yn(s) —_c I\S/\ K} for some universal constant
C. In their empirical application, they use own covariates as controls, so W; __X;j, in

which case (4) holds with nn(s) —_0 for all s.

2.1 Related Literature

The standard SUTVA model and unconfoundedness condition correspond to
Y;i ___g(Di,Xi, Ei’ and €& ALD. P(i. (5)

To generalize this setup to allow for network interference, the typical approach in the

existing literature is as follows. Define
Ti _:fn(i,D,A’ and Wi _zqn(i,X,A’ (6)

where fr() and gn() are known vector-valued functions. The ﬁ:% el th et
(Manski, 2013) or #osu ,3“,1% ng (Aronow and Samii,
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ba b 00é J nthc resee _enodel and unconfoundedness condition
Yi 9 (Ti, W;, Si’ and g lLTi Wi, (7)

which is a direct generalization of (5) (Emmenegger et al., 2022; Forastiere et al.,
2021; Ogburn et al., 2022). Here T; entirely summarizes interference while Wj sum-
marizes confounding.

Common examples of Tj and W; are

~—

= r =
\'Y A\ D AGX;
Ti_ Di,~ AjD; and Wi __ X, Aij,qﬁli;\’ : (8)
i=1 i=1 j=17Y

This choice of T; implies that Y; depends on D only through two statistics: own
treatment and the number of treated neighbors. Variation in the first component
identifies a direct treatment effect and variation in the second a spillover effect. Like
most exposure mappings used in the literature, this only depends on Dy 1), so the
outcome model (7) implies no interference beyond the 1-neighborhood. Likewise, this
choice of Wj implies no confounding beyond 1-neighborhood covariates.

More generally, one could restrict the outcome model to depend only on the K-
neighborhood treatments Dy k) for some fixed threshold K. As shown by Leung
(2022a), this rules out economically interesting forms of interference such as endoge-
nous peer effects, which motivates the ANI condition (3). Furthermore, (7) assumes
the econometrician can correctly specify the summary statistic Tj in the outcome
model, which may be difficult to justify (Savje, 2024).

Whereas Leung (2022a) and Sévje (2024) focus on randomized experiments, we
study observational data on economic agents that choose to select into treatment.
It then becomes important to specify a behavioral model rationalizing the choice of
controls Wj. Séanchez-Becerra (2022) is the first to provide such a model. Under
neighborhood interference (7) and an exposure mapping similar to (8), he shows that
it is sufficient to set Wi __X;, that is, to solely control for own covariates. Since much
of the literature utilizes controls such as (8), this raises the question of what model of
selection justifies their use or more broadly the use of “network controls” that depend
more generally on X and A.

Our model (1) provides an answer. The presence of complex interference in both

the outcome and treatment stages induces selection on (X, A), so that it is generally

11
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with and without at least one treated neighbor, which captures a spillover effect. For
t__(1,0) and t' __(0,0), it compares the average outcomes of treated and untreated
units with no treated neighbors, which captures a treatment effect. For overlap, we
need to exclude units with zero degree since a treated neighbor occurs with probability
zero for such units. This is accomplished by choosing My to be the subset of units
whose degree n(i, 1) INV (i, 1)| lies in some desired set excluding zero. That is,

choose some Ig— R, *(} and

My _g g
>oeoooooooeoeooooo@ 0808080808080 momom Q@- oo@o.;% oooeoeooooo& o lo TorTonToToTo o) j)@ j)@ peo@ oooooek go@o& osos }Joooc
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can be a complex function of (X, A, v), and both Tj and Y; can be complex functions
of D, which makes it difficult to characterize the dependence structure necessary for
the application of a central limit theorem without additional structure.

Identification results in Leung (2024) provide conditions under which T(t,t) has
a causal interpretation. The focus of our paper is estimation, so we provide only a
brief discussion here. Under the neighborhood interference model (7), T(t,t') has a
transparent causal interpretation. In settings where (7) fails to hold, Leung (2024)
shows that T(t,t) retains a causal interpretation under restrictions on interference
either in potential outcomes or selection into treatment. For example, suppose treat-
ment adoption follows a nonparametric game of incomplete information where Vvj is
unit i’s private information, so that Dj __hn(i, X, A, Vi) (see Example 2). If pri-
vate information is independent across units conditional on (X, A), as is typically
assumed in structural analyses of the model (e.g. Lin and Vella, 2021; Xu, 2018), then
by Theorem 1 of Leung (2024) T(t,t') can be written as a non-negatively weighted
average of certain unit-level effects.

Returning to the vaccine adoption example in §1, recall that
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where

i (i, X, A)) 5

ti(t, t) AL =

— i, X, A
- kT8 (Y pe(i, X, A) -
- rjtl(i’X’A’ Htl(l,X,A’.

To estimate
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3.1 Architecture

The standard GNN architecture consists of nested, paramete
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aggregation no longer holds when the support of Xj is uncountable, so using multiple
aggregators can result in more powerful architectures (Corso et al., 2020).

For an example of I'(), let pu(),0(), (), min( ), and max() be respectively the
mean, standard deviation, sum, min, and max functions, defined component-wise for

multisets of vectors. Then setting I'( ) __I';(') for

() — u() o() () min() max()

results in an architecture utilizing five aggregation functions.

The authors combine multiple aggregators with “degree scalars” that multiply
each aggregation function by a function of the size of the multiset input n(i, 1).
The simplest example is the identity scalar, which maps any multiset to unity. This
trivially multiplies each aggregation function in I'y () above, but it is useful to consider
non-identity scalars. Let | | be the function that takes as input a multiset and outputs

its size. Corso et al. (2020) define logarithmic amplification and attenuation scalers

vy 7 .
s 6—:6 log Aij 1 , oag¢ 1,1.J

i=1 j=1

— -

lo Ty @

The choice of a defines whether the scalar “amplifies” (o __1) or “attenuates” (o __
—1) the aggregation function, and o __0 is the identity scalar. The purpose of
the logarithm is to prevent small changes in degree from amplifying gradients in an
exponential manner with each successive GNN layer. Thus, an aggregation function

that augments I'1( ) with logarithmic amplification and attenuation is

-~

o) — S(
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function ():

. 74
fonn € argmin
fe]‘—GNN (L) ie
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As discussed in §3.1, any T ¢ Fgnn(L) is invariant, so by using GNNs to esti-
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that does not depend on i, so evaluating i’s propensity score is now only a matter of
supplying the correct i-specific inputs (m;(X), mi(A)).

We close this section with a result demonstrating that invariance is an extremely
weak requirement. In particular, it holds under minimal exchangeability conditions

on the structural primitives.
Proposition 1. Sumwos a4y ne N.ané o e wial on T,

fa(i, D, A) __fa(n(i), (D), m(A)),
On(i, D, X, A, e) —_gn(n(i), n(D), n(X),m(A),T(e)), né
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conditions imposed below. Define

duatiy AT WL XA <

wll) 0% 4 N

“XT g (i pe(i, X, A)) -
o pe(i, X, 4)

He(i, X, A)

He(i, X, A)  T(t, 1),

whose average over i ¢ My, is the doubly robust moment condition, and let

—_—
v

v =

2 1 y -
0, __Var xvr—— ¢t,t1(|’ v X, A

N iem,,
Assumption 4 (Moments). (4 Th re.c8sts M < e P 4 sueh tlnstf a Ay
e N icNo anéde(03n Elvi@p x4 L Moas (b Threcgsis
L e] (0,1) sueb that peli, X, A),pe(i, X, A) ¢ T fond
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The next assumption is used to show thatk\(l)t,tl (i} I, is Y-dependent (see Definition C.1,
which is due to Kojevnikov et al., 2021
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Parts (a) and (b) are used to establish that k\q)t'tl(i& i, is WY-dependent. Part (b)
is a Lipschitz condition that holds if potential outcomes are uniformly bounded. In

particular we can take An(S) —_2M where M is the uniform bound on the ranges
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strengthens Assumption 5(b) but only mildly since we nonparametrically estimate
both nuisance functions. Since it does not require uniform convergence, it is more
readily verifiable for machine learning estimators. Part (c) is Assumption 4.1(iii) of
Kojevnikov et al. (2021). Parts (d)—(f) correspond to Assumptions 7(b)—(d) of Leung
(2022a), which are used to characterize the bias of the variance estimator. We discuss
verification of (¢)—(f) in §B.2; the derivations there show that (f) is closely related to

(c).

Theorem 2. ﬁn,qit,tl(ib b g T(LU) ;nth € Ay hong Geu(i) wth (L) _
EV, Ji _tX
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case 62 would be asymptotically conservative. This can be formalized under additional

weak dependence conditions on the superpopulation as in §A of Leung (2022b).

5 Approximate Sparsity

As discussed in §3, the number of layers L in a GNN determines its » LA ,ﬁlé,
the neighborhood (X i)
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(Wi)iL, and v __(Vj)j.,, define

~= ~= ~=—

r, n rn
, iAW L i AGX L . . i A Vi
Vi(“r, v e’ ___(XT B !,—_:nl [ s 5 ?-_:nl 7N 5 VXJ - V; - ltal JVv]
j:lAij j=1 Aij j=1Aij

where 8 __(a,3,0,y). We generateg Y} I, from the linear-in-means model, where
Yi —Vi(Y,e;6)) and 6, _:(0.5,0.8,10,—1}. We generateLD} iy according to
Example 2, so that D; ___]&Vi(D,u; 0g). @ with 84 —_ ( 0.5,1.5,1, 1). The
equilibrium selection mechanism is myopic best-response dynamics starting from the
initial condition;\D% n, for DY _=]&Vi(0, v;0a). (.

The design induces a greater degree of dependence than what our assumptions
allow. The error term \)i'T F:I Aij \)j/

requires. Also, back-of-the-envelope calculations

F:I Ajj is not conditionally independent across
units unlike what Assumption 6(a)
indicate that peer effects are sufficiently large in magnitude that Assumption 6(d) is
violated.

We use the estimand in Example 5 whose true value is zero. About 57 percent
of units select into treatment, so the effective sample size used to estimate the out-
come regressions is around N 2 since EM Ii —t, X, A js estimated only with
observations for which T; _=t./ We report results for n __1000, 2000, 4000.

6.2 Nonparametric Estimators
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(2022) and Forastiere et al. (2021). For these, we estimate the nuisance functions us-
ing GLMs (logistic and linear regression) with polynomial sieves of order 1, 2, or 3.
Recall that a GNN with L __1 corresponds to a receptive field that only encompasses
the ego’s 1-neighborhood. This is the same as the implied receptive field of the GLM

estimators.

Table 1: Simulation results for random geometric graph

L=1 L=2 L=3
n i 1 e A P A 2 QR AR PrA A 21

ot e 220 N 2200 NS B 2200

@ 5! IS} IS}

H -~ -3 89 ’1 -3 89 — . 89
#(1,0) .v”"r's . .”‘7’\ *"68 MR WA ) ”'226 ':-288 M2 ”'”'},3
Q) ,s »6<| I **é s% 1’$e 481 . 68 s @dﬁe 67 o860 98 Yy
R , m o 2;—-661 ,*"!.— e L ) ”"’4 !r’y”;.an yi‘i
(ol O Moy 417&9 It 1”17 A su o 6oy ;_z"y ‘s /{’y

e e , . 9 n.- n.m“n? " .E" WS ’ ‘-' e
A &l '.,» r ‘v*:’ 7 3 2 I ~ %3 Y
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A choice of L __2 is not unusual in the literature. Zhou et al. (2021) compute
the prediction error of GNNs on several different datasets with L __2,4,8,... and
find that L __2 has the best performance across several architectures. The fact that
GNN performance often fails to improve (and indeed can worsen) with larger L is

well known in the GNN literature, and we survey different expl
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study or later.®

7.1 Comparison with He and Song (2024)
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For the first (second) choice, T(t, t') measures the effect of going from 0 to 1 (more than
1) adopting neighbor(s).” This sheds light on a different dimension of diffusion relative
to the ADM. Whereas the ADM measures how many others are affected by the ego’s
adoption, our estimands quantify the effect of having multiple adopting neighbors on
the ego’s adoption. We find below that having multiple adopting neighbors has a
much larger effect than having only one.

As previously stated, He and Song (2024) define the treatment in two ways. One is
a binary indicator for having a leader in the household, the idea being that all leaders
were initially informed about microfinance and told to spread the word. However,

not all leaders adopted in the first trimester, which perhaps
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To compute the estimates, we concatenate the village networks into a single adja-
cency matrix of size N __4413. For the GNN and GLM estimates, we trim observations
with propensity scores outside of b.Ol, 0.99 . |Standard errors are obtained from the

network HAC variance estimator defined in §2.3.

Table 3: Exposure Mapping Ti(l)

ADM GNN GLM

1 Layer 2 Layer 3 Layer Order 1 Order 2 Order 3

Leader case

Gee -0.052  -0.002 (0.020) -0.004 (0.021) 0.012 (0.017) 0.000 (0.018) -0.003 (0.016) 0.037 (0.014)
Gsc -0.049  0.018 (0.023) 0.044 (0.019) 0.041 (0.019) 0.014 (0.020) 0.023 (0.020) -0.025 (0.012)
G, -0.050 0.026 (0.026) 0.022 (0.022) 0.029 (0.022) 0.010 (0.023) 0.018 (0.025) -0.038 (0.012)
Leader-adopter case

Gee 0.215  0.096 (0.016) 0.085 (0.033) 0.092 (0.025) 0.086 (0.029) 0.086 (0.027) 0.485 (0.017)
Gse 0.434  0.032 (0.057) 0.074 (0.022) 0.071 (0.023) 0.073 (0.022) 0.076 (0.020) 0.469 (0.019)
Gau 0.435  0.076 (0.019) 0.066 (0.021) 0.080 (0.016) 0.069 (0.022) 0.122 (0.021) 0.452 (0.020)
Adopter case

Gee 0.423  0.061 (0.017) 0.056 (0.015) 0.055 (0.016) 0.057 (0.01
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the leader case.

First consider the estimand using Ti(l), which contrasts microfinance adoption
rates for units with 1 versus 0 initially adopting neighbors. The GNN results are
consistent across L. For the leader case, we obtain precise zeros for almost all es-
timates, including the ADM. For the leader-adopter case, the GNN estimates are
substantially smaller in magnitude than the ADM with an effect size of at most 10
percentage points compared to the smallest ADM estimate of 20 percentage points.
This may be attributed to the use of richer network controls. For the adopter case,
the contrast is even starker. Our estimates are an order of magnitude smaller than
the corresponding ADM estimates. The GLM estimates are typically slightly smaller
than the GNN estimates except for the order-3 polynomials, which are outliers in
terms of magnitude.

The estimand using Ti(2) contrasts units with 27 versus 0 initially adopting neigh-
bors. The estimates for the leader case are similar to those of Ti(l). We find sizeable
effects for the leader-adopter case, almost of the same order as ADM, but the robust-
ness of the result is partly tempered by the large amount of trimming discussed below.
The adopter case sees estimates of around 20 percentage points, whereas the ADM
is double or triple that. Once again the GLM estimates are often slightly smaller
relative to the GNN estimates, except for the order-3 polynomials.

The number of observations trimmed for Ti(l) is negligible in the leader and adopter
cases. In the leader-adopter case, more units are trimmed since fewer units are leader-
adopters, but trimming never drops more than 200 observations. The story is quite
different for Ti(2), as reported in Table 5. The first three columns of the table report
the number of observations for which the number of initially adopting neighbors

Ni ' " AyD;
i —  j=1/Nij
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in the lasso literature, which posit that a high-dimensional regression function is

well-approximated by a function of a relatively small number of covariates.

A Additional Results on GNNs

Primitive conditions for Assumption 5 appear to be beyond the scope of the existing
GNN literature, but we provide some potentially useful intermediate results. Consider
the problem of establishing a rate of convergence for the propensity score:

~ ~

y _
LY ni X, A el X, A)  _op(n 7).

Mn ieM,

Under network approximate sparsity (Definition 1), the problem simplifies to showing

~ ~

1Y i - . _
— Pe(i, X, A) (i, Xviny Anin) 2—=0p(n 12). (A1)

Mn ieM,

Since Pe(i, X, A) is an L-layer GNN, which only uses information from (X Ly, An,u),
this should well approximate p¢(i, X L), Ani,n) under appropriate conditions, so
(A.1) should be more feasible to verify directly.

Farrell et al. (2021) provide a bound analogous to (A.1) for MLPs, which, were it

applicable to our setting, would be of the form

+ loglogn "y 4+
n

~ ~

1 - WLIlogR
n Pe(i, X, A) pe(i, XLy A 2KC =0sR

i=1

logn

(A.2)
with probability at least 1 ~ e Y. Here W is the number of GNN parameters, C
is a constant that does not depend on n, R depends on the architecture through
the number of hidden neurons, and is the function approximation error, a measure
of the ability of the neural network to approximate any function in a desired class.
Establishing a corresponding result for GNNs requires an analog of Lemma 6 of
Farrell et al. (2021), which is a bound on the pseudo-dimension of the GNN class,
and concentration inequalities for Y-dependent data. Jegelka (2022) surveys the few
available complexity and generalization bounds for GNNs. These are not sufficiently
general for our setup and only apply to settings where the sample consists of many

independent networks.

40



GNNs for Network Confounding

To use a bound of the form (A.2) to verify Assumption 5, we require knowledge of
how varies with key aspects of the architecture, such as W, R, L,n. As a first step
toward obtaining such a result, it is necessary to characterize the function class that
GNNs can approximate. Our next result, which draws heavily from existing results in
the GNN literature, shows that an additional shape restriction on the function class

beyond invariance (§3.3) is required.

A.1 WL Function Class

MLPs can approximate any measurable function (Hornik et al., 1989), so given the
discussion in §3.3, a natural question is whether GNNs can approximate any mea-
surable, i +9;+ant function of graph-structured inputs. In other words, is it enough
to require invariance (and regularity conditions), or are stronger restrictions on the
function class necessary? For reasons related to the graph isomorphism problem, it
turns out stronger restrictions are necessary. We next motivate the need for such
restrictions and then state our function approximation result.

Chen et al. (2019) show that, for a function class such as GNNs to approximate
any invariant function, some element of the class must be able to separate any pair of
non-isomorphic graphs. By “separate,” we mean that for any non-isomorphic “labeled
graphs” (X, A), (X', A'), the function f satisfies f(X,AD,7£ (X', A').8 Hence, a
function with separating power of this sort solves the graph isomorphism problem,
a problem for which no known polynomial-time solution exists (Kobler et al., 2012;
Morris et al., 2021). Since GNNs can be computed in polynomial time, this suggests
that approximating any invariant function is too demanding of a requirement.

To define the subclass of invariant functions that GNNs can approximate, we
need to take a detour and discuss graph isomorphism tests. The subclass will be
defined by a weaker graph separation criterion than solving the graph isomorphism
problem, in particular one defined by the W i$ i-ém[’ e ( WL ) t .« This is a
(generally imperfect) test for graph isomorphism on which almost all practical graph
isomorphism solvers are based (Morris et al., 2021).

Given a labeled graph (X, A), the WL test outputs a graph coloring (a vector of
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labels for each unit) according to the following recursive procedure, whose definition



GNNs for Network Confounding

H? such that
(h,h') ¢ p(F) if and only if F(h) __f(h) forall fe F.

For any two sets of functions £, F with domain H, we say that & is 4t ¥ ost /s
s o898 ng a5 F if p(Fle— p(€).

This is essentially Definition 2 of Azizian and Lelarge (2021). Intuitively, if £ is at
most as separating as F, the latter is more complex in the sense that some function
in F can separate weakly more elements of H than any function in €.

Let fy L denote the function of (X, A) with range X" that outputs the vector
of node colorings from the WL test run for L iterations. Let C(H) be the set of

continuous functions with domain H. For any L ¢ N, define the WL Ji unel; on eh¥ss

Fwi (L) .ifi c C(H): pUWL,L} e PP}

This is the set of continuous functions of (X, A) that are at most as separating as
the WL test with L iterations.
The next result says that pi() and p
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In other words, any function in the class Fwi (L) can be approximated by L-layer
GNNs in Fgnne (L). The result is a consequence of a Stone-Weierstrauss theorem due
to Azizian and Lelarge (2021) and a version of the Morris et al. (2019) and Xu et al.
(2018) result on the equivalent separation power of GNNs and the WL test. The
proof is given below.

The result is essentially Theorem 4 of Azizian and Lelarge (
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T in place of L) and add an additional MLP layer that implements their equation
(26). Here we use the additional MLP layer added to the output of our architecture
(see the paragraph prior to the statement of Theorem A.1). In particular, for any

T ¢ Fonne (L), consider the mapping

.y y_. i
(X, A) . f(i,X,A4),..., f(i,X,A) cR"
1 03630000000000000000 M MAEBA0000000000000000N

n times

(their (26) in our notation) corresponds to adding a linear output layer L ' 1 that
is implementable by an MLP of the form (p|_+1(hi(") ,&h}") : J ¢ N} ). The mapping
remains an element of Fgnne (L), which completes the argument for (A.5).

By Theorems VIII.1 and VIIL.4 of Grohe (2021), which use finiteness of the support
of Xi, p(Foenn (L)) _:poWL,L} ). That is, L-layer GNNs have the same separation

power as the WL test run for L iterations. [ ]

A.2 Disadvantages of Depth

The receptive field is the main consideration when selecting L, but Theorem A.1
provides a second consideration, which is imposing a weaker implicit shape restriction.
It shows that, for GNNs to approximate a target function well, the target must satisfy
a shape restriction stronger than invariance, namely that it is at most as separating
as the WL test with L iterations. The larger the choice of L, the weaker the shape
restriction imposed. However, there are several reasons why shallow architectures

remain preferable.

Low returns to depth. A natural question is how many iterations are required
for the WL test to converge for a given graph, which corresponds to the choice of L
for which the shape restriction is weakest. Unfortunately, the answer is not generally
known, being determined by the topology of the input graph in a complex manner.
However, there is a range of results bounding the number of iterations required for
convergence. For instance, Kiefer and McKay (2020) construct graphs for which the
WL test requires n 1 iterations to converge, so such graphs require n ] layers to
obtain the weakest shape restriction. This makes the estimation problem extremely

high-dimensional, requiring substantially more layers than what is typically required
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than the standard architecture (13) (Dwivedi et al., 2022). These disadvantages may
partly explain the common use in practice of the standard architecture with few

layers.

B Verifying 88 Assumptions

Leung (2022a), §A, verifies analogs of Assumptions 6(d) and 7(c) from an older work-
ing paper version of Kojevnikov et al. (2021). This section repeats the exercise for As-
sumptions 6(d) and 7(c) and (d). We assume throughout that max Yn (s 2), Yn(sh

exp( c(1 4? p) ~'s) for some €. 0 and p in Assumption 4(a). As in Leung (2022a),
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and Dg —_(Dj)jes for any By Nn. Using the first equality of (C.3),

p(i. X, A) _P (D" (D; Dj)c b, V" (Vi Ve bp |, A4)

<POick b7 gVl BT K, 4)
B P(DE&)R)UOOOOEB&&OOOOOOO%@O@&I"T](IR)OQJWUOOOO(MG&J@OOOOOOO&OOO@I"

S~
Ro

By (C.3), the right-hand side equals

P (Djc b—b
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Combining (C.6) and (C.7) and using the law of iterated expectations,
pe(i, X, A) pt(i1X/\/(i,r,\(s+1))aAN(i,r,\(s+1))'|X)\n(s—'r 1) " 2R.

Proof of (C.2). Noting that p¢(i, X, A) -_E Nili(tb K, A pe(i, X, A), we first
bound the numerator. For B __N/(i,s), define Y{ —0On(is)(I, Dg, XB, Ag,€g). By

Lemma C.2,

EVLby K. A4 JEVL@H XA H’\Vn(s'+ An(i, s)n(i, s)nn(s)
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where, using Assumption 4(b),

~ ~

RiIQ M28) ™ 2 yn(s) ™ An(isn(ising(s)  C'(17 n(i, 1)ma(s)
|Rf;|<c M2s) T (1T n@i, ))na(2s 1) , and
Rsl< C (IR IR:D

for some universal C”. 0. Substituting s 2 for s yields the result.

Lemma C.2. Ijﬁn,Bi __N(i,s). D} __hn(s(, X8, As,,v8,). Dg, —_(Dj)



GNNs for Network Confounding

for \R1|/\yn(s}'T An(i, s)n(i, s)nn(s). ]

‘rf
Lemma C.3. I} gn &/, D} s, d¥a ¢ 2 1:(1) D —d, |, AyDj ¢
A . Uné re Ass‘n.u}"’,m; ons % L 3 Ané gy, threedsts C. 0 sueh tln!tf a A
ne N‘ iGNnA 1'-77/«'.;' S> 0;

EVL(M L] KA LCOT 1)),

¥
Proo‘lf" Recall the definition of a,b, a, 3, prior to (C.3). Define Vi __ F:I AijD;j,
Vi, _ le Aij DJ{, and C _{Di D” & , Vi Vi/| &} . Then

EViL0) 1 K_wA_a |
<\13B/i|1i(tp LY §.X —_z,A__a |CP(C K _x,A__a) (C.11)

for some universal C. 0 by Assumptions 1 and 4(a). By Assumption 3,
li(t’ __—lk\Di c b,b ,JVi c b, B} J and 1i(t’/ ___1&\D: c h,b ,JVi/ c b, B} J.
Under event C,

1 Dic kb, |Vie B (J—_@;+ (Di D)e kb, V" (Vi V)e lop}]
<1 Dje b b7 Vel )iV
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Lipschitz functions on RY, Lip(f) be the Lipschitz constant of f ¢ Ly, and

Pn(h,n';s) .,K(H,H’): H Hg No, W k_h, B p R, 4a(HH)L § .

Definition C.1. A triangular array;\Z} Ly is eong; oni W-¢ peaei set % ae JFn if
there exist C ¢ (0, 9 and an Fn-measurable sequencektpn (Sh s.nen with Pn(0) _1
for all n such that

|Cov(F(Zn), F'(Zua)) | < ChN([F[lo ™ Lin(F)) ([F'[|o " Lip(F))Wa(s) as. (C.12)

for all n,h,h" ¢ N;s. 0; fec Ln; f' ¢ Ln; and (H,H’) ¢ Pn(h,h’;s). We call Wn(s)
the ¢ pe 1el e - @0 f: ¢ 10t of;\Z} n ..

Lemma C.4. Uné ,Z'cAssu'}"‘,m; ons L 4 8 ,J,'/ Ané (b, Ané 64y Ané (b)‘f a Ay
t,t T.&(I)t,ti(i} Ly, s eong; bonl Y-¢ peaes Jtt% (X, A) (L',ﬁnl-gon C.1 wj th

=1/

¢ o 1té 166 -0 1 ¢ 16t Pn(s) J.ﬁn a;n (15).

Proof. Let F, be the og-algebra generated by (X, A), (h,h) ¢ N N, (f,f) ¢
Ln™ L, s. 0, and (H,H) ¢ Pa(h,0;s). Define Zi —_ deeli), Zo — (Zidien,
E ———f<ZH'7 Z ———f/<ZH1’7 and

Di* __hngis) (i, Xvis)s Antis) Unviis)-

For D/(\S/)(i’sl) —__(DJ‘(S)'jeN(i,Sl)7 let

17(y ~—X Fris (1 Dyl (isyz) Antisr) ~F
Yi(S) —On(is/2) (i, D/(\S/(?’)Sm, XN (is/2)r An(is/2)s EN(iis/2))
10w, X, 4) -

() i
Z;7 __ 0. X, A) He(i, X, A)
(S) (41 (s) ;
= L (t)(Y; He(i, X, A) — . Ty
oe (i, X, A) pe(i, X, A)  Ti(t,t).

Finally, let £ __f((Z")ica) and T _F(Z)icr1).

o4
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By Assumption 6(a), (Zi(s/M)'ieH L(ZJ(S/Z'Z)'jeHl ¥n, so

Cov(E, Fn»@cOv(a‘e@/”,z ol T 1Cov(ES, 2 752 )|

L2FIERE €] T 2fl Bl 25
< 2 NIFLip(f) ™ F]cLip(F) max
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L0 Lw,s. 0, (H,H) ¢ Pa(hN;s),

Y, —On(is) (1, Darivs)r Xviins)s Ay ENGirs)) s

& __F((Yidien), T —F ((Yidier), €O __F((Y;")ien), and T __F'((Y;*))icu). By
Assumption 6(a),

Cov(&,L i)l < ICov(E E99,0 Fl™ |Cov(E,2 2 )|

LAFIERE € T 2fl Bl 67
< 2 hlIFLip(f) " WIF L Lip(F) maxBRY: Y2 |

<2 PIFILip() " IEILip(F) va(s 2)

the last line using Assumption 2. Given Y-dependence, the claim follows from Corol-

lary A.2 of Kojevnikov et al.






Leung and Loupos
Pe(i, X, A). For some universal constants C,C.. 0, E \R%t dquals

L i E”E \(Yi—ui'(Yj—uj' P X, A }i(t’lj(t'(

Mp ieEM, jeMy,
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ﬁt(i’ X1 A', and

At (el peGipy P B
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